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Introduction 


Inversion  formulas  with  kernels  containing  Bessel  functions  of  purely 
imaginary  order  [1,  vol.  2]  and  Legendre  functions  of  complex  index  with 
the  real  part  (conical  functions)  [1,  vol.  1]  as  variable  have  become 
prominent  in  recent  times  as  methods  in  solving  certain  boundary  value 
problems  of  the  wave  or  heat  conduction  equation  involving  wedge  or  conically 
shaped  boundaries.  [3],  [4],  [6],  [10],  [11],  [13]. 

These  inversion  formulas  are: 


A.  Lebedev  transform  [7] 

OO 

g(y)  =  5  f(x)  K.  (y)  dx, 

0 

(1) 

OO 

f(x)  =  2tt-2x  sinh  (rrx)  J  y_1K.  (y)  g(y)  dy. 

0  1X 

OO 

Kix(y)  is  the  modified  Hankel  function  [K^x(y)  =  J  exp(  -y  cosh  t)cos(xt)  dt] . 


B.  Mehler  transform  f 5 ]  ■  f8 1 ,  f9 1 

OO 

g(y)  =  5  f(*)  pix_^.(y)  dx> 

oo 

f(x)  =  xtanh(nx)  j  p.  ,(y)  g(y)  dy. 


(2) 
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C.  Generalized  Mehler  transform  Fl2l 

OO 

g(y)  =  $  f(x)  piX^.(y)  dx» 

(3) 

f(x)  =  Ti_1xsinh(TTx)r(^-k  +  ix)r(^-k-ix)  5  g(y)  pjx_^(y)  dy. 

For  the  condition  of  validity  of  the  above  formulas  see  the  quoted 
literature.  From  formula  26  [1,  vol.  1,  p.  129]  (see  also  the  list  of 
notations  at  the  end  of  this  report) , 

U)  Pix4(c0sh  a)=  (2it  sinha)~^{exp(-iax)  2Fl  &  +  k >£  ~  k > 

l+ix;--|-exp(-a)  cscha]  +  exp(iax)  p^ff+ix)  * 

•  2F1[-J-  +  k,-|- -kjl-ix5-^-exp(-a)csch  a]}. 

This  function  obviously  is  an  even  function  of  x  and  is  real  for  real  parameters 
and  real  x. 


The  special  case  k  =  0  in  (3)  yields  the  case  (2). 
from  (4) 

P^x_^(cosh  a)  =  ( 2/tt)^( sinh  a)^cos(ax), 


(5) 


P^_^(cosh  a)  =  (2/n)^(sinh  a) ""^sin(ax) , 


Therefore  from  (3)  for  k  =  -J-  putting  y  =  cosh  a. 


( sinh  a)^g(cosh  a)  =  (2/tt)^  J  f(x)  cos (xa)  dx, 

0 


Furthermore 


f(x) 


=  (2/# 


5  g(cosh  a)  ( sinh a)^cos(xa)  da. 
0 


(6) 
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For  k  = 

( sinh  a)^g(cosha)  =  (2/n)^  J  x  ^f(x)  sin  (xa)  dx, 

0 

(7) 

x  1f(x)  =  (2/tt)^  5  g(cosha)  ( sinh  a)^  sin(xa)  da. 

0 

But  these  are  the  Fourier  cosine  and  the  Fourier  sine  transformation 
formulas  which  are  therefore  a  special  case  of  (3)  • 


The  behavior  of  the  kernel  functions  in  (l) ,  (2),  (3)  for  large 
positive  values  of  x  and  fixed  argument  y  is  of  great  importance. 

One  has  [1,  vol.  2,  p.  88], 

(8)  K-X(y)  ~  (2n/x)^exp(-  ^  x)  sin  [xlog(2x/y)  -  x  +  ^  ] 
for  large  positive  x  and  fixed  y.  Furthermore,  from  (4)> 

(9)  ~  (2t  sinha)  _5xk-^[exp(-iax-i^c  +  i^)  +  exp( iax+i^k  -  i^)  ] 

for  large  positive  x  and  fixed  y  =  cosh  a. 

Of  further  importance  are  representations  of  the  different  types  of 
waves  in  the  form  of  an  integral  transform  of  the  kind  expressed  in  (l) , 
(2),  and  (3).  Such  representations  are: 


Cylindrical  wave 


(10)  K0[p(r2  +  r'2  -  2rr '  cos  0>)^]  =  |  J  Kix( Pr)Kix(Pr' )  cosh[x(n  -  | <t>| )  ]dx. 


0  <  <X>  <  2tt. 
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Spherical  wave 

(11)  (R2  +  R'2  -  2RR'  cos  e)"^exp[-p(R2  +  R'2  -  2RR'cos0)^] 

=  ^RR')-^  5  x  tanh  (nx)  ,£lx_^(-cos  e)  Kix(pR)  Kix(PR')  dx* 

0  <  e  <  2v 

Generalized  spherical  wave 

(12)  (R2  +  R'2  -  2RR'  cos  0)  [b(R2  +  R'2  -  2RR'  cos  0)^] 

a 

=  2^"tt  s’(RR')~a(siP  0)^”“  $  x  sinh  (rx)r(a  +  ix)r(a  -  ix)  • 

0 

*  ^ix-V"003  6)  Kix(pR)  Kix(PR,)  dx» 

Re  a  >  -1,  0  <  0  <  2n 

The  following  tables  (A),  (B) ,  (C)  represent  a  list  of  integral 
transforms  of  the  type  (1) ,  (2) ,  (3) •  Most  of  the  results  displayed  here 

are  new  and  have  been  taken  from  unpublished  material  of  the  authors. 

Certain  combinations  of  Bessel  functions  which  occur  on  the 
r.h.s.  of  these  tables  can  be  replaced  by  other  combinations  such  as: 

(13)  Ja(x)  003  (■£  to)  ~  ^a(x)  sin  (-£•  ra)  =  ^  sec  (£  ra)  [Jq(x)  +  J  a(x)] 

CSC  (-J-zira)  [Yq(x)  -Y_a(x)], 

(14)  JQ(x)  3^n  (i  ra)  +  Yq(x)  cos  (■£  ra)  =  -J-  CSC  (-£  na)  [Ja(x)  -  J  a(x)  } 

-  £  sec  (-£■  ra)  [la(x)  +  Y_q(x)  ] , 


fl 
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(15)  Ja<x)Y-a(y)  +  J_a(y)ya(x)  =  csc(na)  [jQ(x)Ja(y)  -  J_Q(x)  J_Q(y)  ] 

=  osc(rra)  [Y_a(x)y_a(y)  -  y0(x)Ya('y)  ], 

(16)  Ja(x)Ya(y)  -  YQ(x)Ja(y)  -  J_a(x)Y_a(x)  -  l_a(x)J_a(y) 

=  osc(Tra)  [JQ(y)J_a(x)  -  JQ(x)j_a(y)  ], 

(17)  Ja(x)y_a(y)  -  J_Q(x)ya(y)  =  sin(na)  [Ja(x)jQ(y)  +  ya(x)\(y)  ] 

=  sin(ira)  [J_a(x)J_Q(y)  +  ^_a(x)y_a(y)  ] . 
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Table  A 


Lebedev  Transform 


n® 

g(y)  =  J  f(x)K  (y)dx 
0  lx 

-2  -1 

f(x)  =  2n  sinh(nx)J  y  K  (y)g(y)dy 
0  1X 


x  sin  (ax) 


sin  (ax)  sinh(bx) 


cos  (ax)  cosh  (bx) 


sinh  (ax)  sinh  (bx) 


cosh  (ax)  cosh  (bx) 
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f(x) 

OO 

g(y)  =  5  f(x)  K±x(y)  dx 

O 

sech  (£ttx) 

M1  “  y[K0(y)L_1(y)  +  L0(y)K1(y)]} 

sech  (ttx)  oosh  (ax) 

gn  exp  (y  cos  a)Erfc  [  (2y)^  |  cos  (£a)  |  ] 

a  ^  'f 

sech  (g-nx )  c o sh  (ax) 

y  )  (y2  +  t2)"^exp(-t  cos  a)K,  [  (y2  +  t2)"^] 

0 

a  <(  n 

csch^nx)  sinh  (ax) 

sin  a  J  exp(-t  cos  a)Kn[  (y2  +  t2)^] 

0  u 

a  i  ti 

csch(nx)  sinh  (ax) 

OO 

•g-  sin  a  S  exp(-t  cos  a)Kn  (y  +  t)dt 

0  U 

a  <>  ^2 

tanh  (nx)  sinh  (ax) 

£it  exp  (-y  cos  a)Erf  [  (2y)^sin  (£a)  ] 
a  ^ 

sech  (nx)  sinh  (ax)  sinh  (bx) 

4^[exp[ycos(a+  b)]Erfc[  (2y)^cos(|a  +  £b)  ] 

-  exp[y  cos  (a  -  b)]Erfc  [  (2y)^cos  (|-a  -  -|-b)  ]} 

a  +  b  ^ 

sech  (ttx) cosh  (ax)  cosh  (bx) 

^n[exp[y  cos(a+  b)]Erfc ;[  (2y)^cos  (£a  +  £b)  ] 

+  exp[ycos(a~  b)]Erfc  [  (2y)^cos  (-£a  -  £b)  ]] 
a  +  b  '1'^ 

x  tanh  (g-  ttx) 

yK0(y) 

f(x) 

g(y)  =  5  f(x)  Kix(y)  dx 

csch(  bx)  sinh(  nx)  cosh(  ax) 

oo 

£n2b~^  2  (-l)ne  I  (y)cos(nna/b) 
n=0  n 

b 

b  -  a  >  ^-n 

tanh(  nx)  sinh(  bx)  csch(  ax) 

-£n{exp[-y  cos  (b  +  a)  ]Erf  [  ( 2y)^sin(£b  +  -ga)  ] 

+  exp[-y  cos  (b  -a)  ]Erf  [  ( 2y)^sin(£b  -  ^a)  ] } 
a  +  b  <  £n 

x  sinh  (  nx)  r(  k  +|-  ix)  T(  k  -  £ix) 

„l-2k  2  2k 

2  n  y 

0  <  Re  k  <  i 

x  sinh  (ttx)  T(k  -  -gdx)r(k  +  £ix)  * 

•  r(£  -  k  -  ^-ix)  r(£  -  k  +  -^-ix) 

2^n^y^K^_2k(y) 

x  tanh(-Jnx) 

yKQ[y(i  +  £z)^] 

x  tanh  (nx)  Fix  ^(z) 

(|ny)^exp(  -zy) 

xsech(nx)  tanh(nx)  Pix  ^(z) 

-(2n)  “^y^exp(zy)Ei(-zy  -  y) 

xsinh(nx)  sech(2nx)  P^jx  ^(z) 

-1  1  o  1 

2  4y^exp(|-z  y  -  £y)  D  a[z(2y)^] 

”8 

2 

x  sinh  (|nx)  [Pix_i.(  z)  ] 

-  1)^]  f 

x  sinh  (£nx)  p|ix_i.(  z) 

n2  1(1  +  z)^ky1+kJ_k  [y(-^z  -  £)^ ] 

Re  k  <  0 


f(x) 

00 

g(y)  =  5  f(x)  Kix(y)  dx 

0 

x  sinh  (-J-ttx)  rOj-k+J-ix) r(£-k-£-ix)  • 

•  Pilx  i(z) 
tlxS- 

TT2si<;(z-l)"^'ky1_kKk[y(^  +  £z)^] 

Re  k<^ 

x  sinh  ( Ttx)  P(£-k+ix)  P(-A— k-ix)  F^x_^(  z) 

2^n®"(z^  -  1) ~^ky^~kexp( -zy) 

Re  k  >  £ 

x  sinh  (nx)r(^— k+2ix)r(-^— k-2ix)  • 

•  pLx-^ 

Ti2s'ky^-2kr(|- -k)(z2-l)"^kexp(z2y  -  y)  • 

*  Dk_  |(2zy^) ,  Re  «<| 

x  sinh  ( rx)  r(£-k+£ix)  r(^~ k-^-ix)  • 

*  pWa) 

2^V(l+z)^y-kJ_k[y(irz  -£)*] 

0  <  Re  k  <  } 

x  sinh  (  nx)  r(i--kk+^ix)  r(^--^-k-^-ix)  • 

•  IW*> 

2^kn2y2J_k[y(z2  -  1)*] 

Re  k  <  £ 

x  sinh  (irx)r(|- -^k+|-ix)r(|- --^k-^-ix)  • 

•  pWz) 

2k-M>izJ_k[y(z2  _  i)i] 

Re  k  <  | 

x  sinh  (£ttx)p£.  i(z)P^  i(z) 

iTryJk[^y(z2  -  i)  =  ]j_k[^y(z2  -  IF] 

x  sinh  (  ttx)  r(  k+^+^-ix)  r(  k+^-- J-ix)  ’* 

•  ^Wz)]2 

T,2yfJk[iy(z2  -  i)^]}2 

R©  1c  —  -g- 

f(x) 


x  sinh  (  ttx)  r(£-k+ix)  r(-£--k-ix)  ■ 


xSteh(inx)[Q^lx_^(z)+Q4ix4 


J,  (a)  +  J  .  (a) 
ix  -ix' 


i  sin  (ax)  [Jix(b)  -  J_ix(b)] 


cos(ax)  [Jix(b)  +  J_ixC t>)  ] 


g(y)  =  I  f(x)  K.  (y)  dx 

_ o _ _ _ 

"(i"/y)^exP(-z2  y)I_k[(z2  -  l)  y] 
Re  k  <  -J- 

(*)] 


"•JQ[U2  -  y2)^] 

0 

,  y  <  a 

»  y  >  a 

i’Tj0(z1)-iTTj0(z2) 

,  2by  sinh  a  <  b2-y^ 

,  2by  sinh  a  >  b2-y2 

y 

<  b 

0 

,  2by  sinh  a  <  y2-b2 

i"J0(zi) 

,  2by  sinh  a  >  y2-b2 

y  >  b 

Zy  =  (b^  -  y2  +  2by  sinh  a)^" 

z 

2 

■|'TtJ0(z1)  +-|-nJ0(z2),  2 by  sinh  a  <  b 

^•irjg(z^)  ,  2bysinha  >  b^ 

y  <  b 

2 

0  ,  2by  sinh  a  <  y 

2 

•J-irJpCz^)  ,  2 by  sinh  a  >  y 

y  >  b 

=  ( b^  -  y^  +  2by  sinh  a)^ 

2 


4Tr2yYofy^z  _  i^] 
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— 

f(x) 

OO 

g(y)  =  5  f(x)  K  (y)  dx 
o  lx 

f  sinh(^rrx)  [  Jix(  a)  +  J_ix(  a)  ]  ' 

X  '| 

U  cosh  (£ttx)  [Yix(a)  -Y_lx(a)  1 

£tt  sin  (ia2/y) 

I  sinh(-J-TTx)  ^ix(a)+Y_ix(a)  ]  ' 

(-1  cosh  (£irx)  [Jix(a)“J_ix(a)- 

-J-tt  cos  (£a2/y) 

2’T"1K0&[y+(y2-4a2)^]  ]K0{^[y-(y2-4a2)^]  ] 

-ix  sech  (ttx)  [ Jix(a) Y_ix(a)  "J_ix(a)  ' 

•Yix(a)] 

exp(  -y+J-a2/y)  Erfc [a( 2y)  ~%] 

x  sinh  (^ttx)  {[j^Ca)  ]*j 

2y(4a2  +  y2) 

x  sinh  (^-nx)  [J^^a)  J^x(b)  + 

+  V(a)Yiix(b)3 

2y(y2+4ab)  ^cos  {£[  ( a/b)^-(  b/a)^"]  (y2+4ab)^} 

x  sinh  (£nx)  [Ji^x(a)yi^x(b)  - 

-  Vb)V(a)] 

-2y(  4ab+y2)  ~^sin  [  ( a/b)^-(  b/a)^]  ( 4ab+y2) 

x  sinh  (£ttx)  [Ji^x(a)Y_1^x(b)  + 

+  J-i£x(b)V(a)J 

-2y(  4ab-y2)  ~^cos  {£ [  ( a/b)^+  (  b/a)^  ]  (  4ab-y?) 

,  y  <  2(ab)^ 

0  ,  y  >  2(ab)£ 

x[jk+iix(a)Yk-iix(a)  ~Yk+i£x(a)  • 

'Jk-iix^a)^ 

,  .2k+l  2k  /  .  2,  2\  — i- r  /  2  .  2\4r-»— 2k 
i2  a  y(4a  +y  )  2  [y+(y  >4a  )2J 

f(x) 

oo 

g(y)  =  5  f(x)  K  (y)  dx 
o  1X 

oosh(ax)Kix(b) 

^•nKQ[(b2+y2+2by  cos  a)^-]  ,  a  <  tt 

x  sinh  (nx)  K^23£a) 

|an(2y/n)  ”^exp[-y  -  a2/(8y)] 

xtanh(nx)K.  (a) 

£n(ay)^(a  +  y) -1exp( -a-y) 

x  sinh  (bx)  K^x(a) 

-J-nay  sin  b(  a2+y2+2ay  cos  b)"^  • 

•K^[ (a2+b2+2ay  cos  b)^] ,  b  <  n 

x(c2  +  x2)  ""'''sinh(nx)  Kix(a) 

-5-TT2lc(y)Kc(a)  >  y  <  a 

£TT2ic(a)Kc(y)  ,  y  >  a 

x  sinh  ( nx)  F(  c+i^-x)  T(  c  -i-^-x)  K^x(  a) 

21"2cn2(ay/z)2cK2c(z) 

Re  c  >  0 

/  2 ,  2v£ 

z  =  (y  +a  )2 

x  sinh  ( 2nx)  r(c+ix)  r(c-ix)K^x(a) 

2Cn5"[r(^-c)  ]_1(  |a_1-y-1  |)KC(  |y-a|). 

0  <  Re  c  < 

x  sinh  (  ttx)  T(c4ix)  r(o-ix)K^x(a) 

2C-1TT^(a-:L+y-1)  ~Cr(£  +  c)Kc(y+a) 

Re  c  >0 

[r(f+i£x)  r(f-i^-x)  ]_1x  tanh  (T7x)Kix(a) 

%(  nay/  z)^exp(  -z) 
z  -  (a  +y  )2 
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f(x) 

g(y)  =5  f(x)  K.  (y)  dx 
o  1 

X  sinh  (nx)P^ix(z)Kix(  a) 

2-k"2TT^(  z2-l)ikc^+k(  Z-X)  *^k“^J_k  .  [C  (  S-T)*] 

,  z  >  T 

0  ,  Z  <  T 

c  =  (2ay)^,  t  =  £(a/y  +  y/a) 

x  tanh  (  ttx)  P_£+ix( z)  Klx(  a) 

^■Tr(ay)  2  (a2+y2+2azy)  ~^exp[-(a2+y2+2azy)  2  ] 

x  sinh  (ttx)  r(c+ix) r(c-ix) P^r^.  (z)  • 

-J-tlx 

•Kix(a) 

24nl(  ay/b) c  ( z2_i)i°  -iKc  ( b) 

b  =  (y2+a2+2ayz)^ 

2iy(  4ab-y2)  "^cosh  f£[(a/b)  ^-(b/a)  s  ]  (  4ab-y2)^  | 

,  y  <  2(ab)^ 

0  ,  y  >  2(ab)£ 

x  sinh  (£nx)  [li^x(a)+I_i^x(a)  JK^tb) 

ny(4ab-y2)  "^exp(£[  (a/b)^-(b/a)^]  (4ab-y2)^] 

,  y  <  2(ab)£ 

Tty  ( y  2  -4ab)  ”^s  in  [£  [  ( a/b)  ( b/a)  ^  ]  ( y 2-4ab)  ^  j 

,  y  >  2(ab)^ 

x  tanh  (ttx)  tIlx(a)+I_ix(a)  JKix(a) 

-J-Itt  exp  (  -y-|-a2/y)Erf  [ia(  2y)  2  ] 

Ik4-ix^a^Kk-^ix^a^+Ik+^ix^a^Kk-J-ix^a^ 

"1  k  fi  [  ( 4a2+y 2)^-y  ] }  Kk  {^-  [  ( 4a2+y 2)  ^ty  ]  1 

i 


\ 


f(x) 

CO 

g(y)  =  S  f(x)  Kix(y)  dx 

o  ! 

-  W'W1’1 

0  ,  y  <  2(ab)  ^ 

2iTT2(y2-4ab)  Tcos  (-£  [  (  b/a) 2  -  ( a/t) ]  ( y2-iab)^~ ] 

,  y  >  2(ab)£ 

x  sinh  (  ttx)  [K-^M  ]2 

0  ,  y  <  2a 

n2y{y2-Aa2)~2  ,  y  >  2a 

x  sinh  (^itx)K.  i  (a)K,,  (b) 

1‘5'x  -iA 

^-TT2yz  ■*'exp[-^(ab)  a(az+bz)] 

z  =  (y2  +  4a  b)^ 

x  sinh  (irx)K1^x(a)Ki^x(b) 

0  ,  y  <  2(ab)^ 

n2y(y2-4ab)  "”^cos  {^-[  (a/b)^-(b/a)^](  y2-4ab)^} 

,  y  >  2(ab)^ 

x  sinh  (TTx)Kix(a)Kix(b) 

in2  exp  [-£y(|  +  ~  +  ^)] 

x  tanh(nx)  Kix(  a)  Kix(  b) 

in2expti(f  +  ^+f)]> 

•Erfe[2-^+^+^)] 

xsinh(nx)Ki.x+Ja)K^.x_c(a) 

0  ,  y  <  2a 

_-2c-i  -2c  2-1  r,  s  2c  ,  \  2c -t 

2  a  tt  z  y l  (y+c)  +(y-z)  j 

»  y  >  2a 

z  =  (y2-4a2)2’ 

z 
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f(x) 

oo 

g(y)  =  5  f(x)  K.  (y)  dx 
o  iyv 

xsinh(nX)Kiix+ic(a)Kilx_.c(a) 

0  ,  y  <  2a 

TT2y(y2-4a2)"^cos(2c  log  [£ya_'1'+('iy2a_2-l)'^]  } 

.  y  >  2a 

x  slnh  (1-ttx)  SQ  ix(a) 

^-TTay(a2  +  y2)  -1 

x  tanh  (nx)S0  2ix(a) 

-  §{  2y/ tt)  "^a  exp  [  -y+a2/ (8y)  ]Ei  [ -a2/( 8y)  ] 

x  sinh  (  ttx)  r(^— ^-k-^-ix)  r(£-|-k+£ix)  • 

‘Sk,ix(a) 

„k  k+1  2  1-k,  2  2v  -1 

2  a  tt  y  (a  +  y  ) 

Re  k  <  1 

x  sinh  (  ttx)  r(£-k+ix)  r(^--k-ix)  • 

'S2k,2ix(a) 

"(2y/n)  “^22k-\r(l-k)  exp  [-yda^(By)  ]  • 

■r[k,a2/(8y) ] 

Re  k  <  £ 

x  tanh  (ttx)  [D_^fij.(a)  D_^_ix( -a)  + 

+  D4+ix(-a>Vix(a)] 

ny2cos[a(2y)^] 

x  sinh  (ttx)  r(-J— k+i-J-x) r(-£~k-l^x)  • 

•Wk,Mx(a) 

(  4a)  kTT2y1-2kexp  [  -g-a-y2/ ( 4a)  ] 

Re  k  <1 

x  sinh  (ttx)  r(-g— k+ix)  r(-£— k-ix)  ^x(2a) 

tt(£tt)  ^ar(l-k)  y^-k(  a+y)  K_1exp(  -a-y) 

Re  k  <  | 
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Table  B 

Mehler  Transform 

CD 

g(y)  =  J*  f(*)P.  i(y)dx 
o  1X“® 

OD 

f(x)  =  X  tanh(nx)]*  Pix_^(y)g(y)dy 


As  noted  in  the  introduction,  a  Mehler  transform  pair  can 
be  obtained  from  any  generalized  Mehler  transform  by  setting 
k  =  0.  In  general,  the  transform  pairs  that  can  be  so 
obtained  have  not  been  included  in  Table  B. 


J 
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x  ^tanh(xx) 


x  tanh(Tix)  (a2  +  x2)  ^ 


tanh(7ix)seoh(xx)sinh(ax) 


sin(ax)tanh(nx) 


cosh(ax)[sech(n:x)] 


r(i  -  a  -  ix)T(i  -  a  +  ibo 


g(y)  =  J  f(x)  pix_^(y)  dx 


2[y  +  (y2  -  l)^]~^K{[y  +  (y2  -  l)^]-1} 


2^n  ^(y+cos  a)~^arctan[(l-cos  a)^(y+cos  a) 


(2  cosh  a  -  2y) 


,  y  <  cosh  a 


,  y  >  cosh  a 


it  1(4y-£cosh  a)"^arctan[(^£2|^|)i] 


,  y  >  cosh  a 


2~^n  1(£cosha  -  ^y)  s  • 
* 

.  (cosh  a  +  l)3  + 

.  log  - - - ; - x - 

_(cosh  a  +  1)E  - 


X 

(cosh  a  -  y) 

-  -  * 

(cosh  a  -  y)  _ 

,  y  <  cosh  a 


2~^(y  -  cos  a)  ^  -  2^n  1(y  -  cos  a)^  ■ 

A  _i 

•  arctan[(l  +  cosa)B(y  -  cos  a)  z] 


x  sinh(xx)f(a  -  ix)T(a  +  £x)  •  2ii2(y2-l)-^{  [y+(y2-l)^]^  2a+[y-  (y2-l)^J^  2“} 


0  <  Rea  <i 
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x  tanh(7tx)r(a  -  ^x)f(a  +  ix) 


g(y)  =  J*  f(x)  P  i(y)  dx 

0  ® 


2n2sec(2na}(y2-l)  ^ 


T(4  -  a  +  |x)r(%  -  a  -  jjx)  •  {[y+(y2-l)^'2a-[y-(y2-l)^:^_2a} 


0  <  Re  a  <  i 


[+(£  +  ix)  +  #(£  -  ix)]cos(ax) 


-2~^7c(cosha  -  y)” ^ 


,  y  <  cosh  a 


(£y  -  4  cosh  a)’?[-  Y  -  log4  +  £log(y  -  1) 
-  log(y  -  cosh  a)]  ,  y  >  cosh  a 


x  tanh(7ix)r(^-a+ix)r(^-a-ix)Pa^+ix(z)  (z'  -  1)  E<xr(l  -  a)(z  +  y)° 


x  tanh(rtx)[sech(nx)3  P.  i(z) 

1X-E 


x  sinh(^7tx)sech(nx)Pn  .  i(z) 

51X-5 


Rea  <  i 


2  1  c^{2E5i  -  iyc)^]  -  K[(4  -  -feyc)5]} 

0  =  (y2  +  £z  -  §)~^ 


x  sinh(^7ix  )sech(nx)Pa^ix  ^(z) 


2’*_*aU  +  z)*a(y2  +  b  -  h)-$-ha 

■  P|+a^y(y2  +  b  -  i)~^3 


x  sinh(bx)sech(xx) 


2b-l^r(§  -  2a) (z  -  l)_ia(b  +  i)--4  • 


ni  -  a  +  h)ra-  -  a  -  ^x)Pix-i(z)  (y2-  ^)4a'V:J[y(b4)43,  y>(bi)i 


K2^  -y2)^a'sp“lI[y(b+i)_T5],  y<(b+i)4 

Rea  <  \ 
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f(x) 

CD 

g(y)  =  J  f(x)  Pix_^(y)  dx 

x tanh(nx)r(i  -  a  +  ix)r(i  -  a  -  “x)* 

*  *WZ> 

24‘-^A(|  -  2a)(z+l)-i\y2  +  • 

_a  r  /  2  z-lv-^, 

'  ?i-aCy(y  +  T )  ] 

Re  °t  <  i 

x  tanh(Tix)r(i  -  |  +  |x)r(^  -  |  -  §x)* 

•  Pix-*<*> 

~l+a  4/  2  2  «. -i,  2  _  \-4ar  /  2  2  n  \4-ia 

2  7r(y  +z  -1)  “*(z  -1)  *  [y+(y  +z  -l)*] 

Rea<  | 

x tanh(nx)r(^  -  |  +  |x)r(^  "  2  ”  fx^’ 

PWZ) 

2<XTt^z(z2-l)”^a(y  +  z2  -  1)  ^  • 

•  [y  -  a(y2  +  z2  -  l)*][y  +  (y2  +  z2  -  l)*]a 

Re<x<  | 

x  tanh( tix)  [P  ^+ix(a)]2 

x-1(2a2  -  X  -  y)^(y  -  1)"^  ,  1  <  y  <  2a2- X 

0  ,  y  >  2a2- 1 

a  >  1 

x  sinh(^ux)sech(Tix)P^ix  z ;)  • 

*  Pia  i(z) 

Six-t 

2"^y“^(z2  -  DV1  • 

•  [(a  +  ^)P^(c/y)P^“(c/y)  -  (a  -  |)  • 

•  P5(c/y)P^[(c/y)] 

c=(y2+z2-X)* 

x tanh(nx)r(a  +  4  +  ^x)T(a  +  ^  -  |jx)* 

2-a~Mr(2a  +  |)(z2  -  l)^y"^c_1P^a(o/y)  • 

■  P^|(c/y) 

c  =  (y2+z2-l)^ 

x  tanh(  ioc)r(i  -  a  +  ix)f(i  -  a  - 


•  »-Wz)]2 


x  sech(Ttx)sinh(^x)[Yix(a)  +  Y_^x 


x sech(nx)sinh(^x)[J^x(a)  +  J 


x  tanh(7tx)sech(^x)[J_.  ^(a)  +  J  ^x 


x  t-,anh(jtx)sech(2X)C^:i_x(a)  +  Y  ix 


x  tanh(Ttx)[Jix(a)Y  ix(b) 


+  Yix(a)J-ixCb)] 


x  tanh(rtx)CYix(a)Y_^x(b) 


-  Jix(a)J-ix(b)3 


x  tanh(nx){  [J^(a)  ]2  +  [Y^Ca)]2 


(1)  2 

x tanh(nx)exp(-roc) [H^x  (a)] 


x  tanh(itx)[I^x(a)  +  I  ^_(a)] 


x  tanh(nx)K.  (a) 
ix 


ix)*  (z2  -  1)  a(y  +  1)  ^(y  -  1  +  2z2)  ^  * 

'  [y  +  z2  +  (y  +  l)^(y  -  1  +  2z2)^]a 

(a)]  (2a/ 7i)^sin(ay  -  ^ n ) 

(a)]  (2a/x)^cos(ay  - 

i 

(a)]  2  (a/ it)  2  [sin  (ay)  -  cos(ay)] 

(a)]  -2(a/n)^[sin(ay)  +  cos(ay)] 

-2n  1 ( ab )^( a2+b2+2aby )^sin[ ( a2+b2+2aby )^] 

2n  1(ab)^(a2+b2+2abyT^cos[(a2+b2+2aby)^] 

}  2V1  (y  -  l)'^exp[-a(2y  -  2)^1 

-2^n  1(1  +  y)"^exp[ia(2  +  2y)^] 

(2y  -  2)”^sin[a(2y  -  2)^] 

1  ^ 

(-an) 2 exp (-ay) 
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f(x) 

CD 

g(y)  =  X  f(x)  Pix^(y)  dx 

x  tanh(7ix)K.  (ae^^^K.  (ae 

IX  IX 

in/4^ 

7t2~^y-&exp[-a(2y)^] 

x  tanh(7ix)r(i  +  ~y)r( 

jW*> 

4(an)^[sin(ay)Ci(ay)  -  cos(ay)si(ay)] 

x  tanh(nx)r(i  -  + 

•  n|  -  ia  -  ix)Sa 

ix)  • 

,2ix(a) 

laCr<1  -  *  ?>4j 

Re  a  <  1 
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„,1  k  i 
r(4  "  2  +  2* 


-  -x)cos(ax) 


UJ  , 

g(y)  =  /  f(x)  dx 


a(|n)iCr(i  -  k)]"1(y2  -  l)^k(y  -  l)_k"^ 


Rek<  - 


(|Tt)^[r(i  -  k)]  1(y2  -  l)^k(y  -  cosh  a)-k~^ 

,  y  >  cosh  a 

0  ,  y  <  cosh  a 


Re  k  <  — 


2  ^  k(l+y)^k(y+cosh  a)  ^-^k  • 
£k[(l+cosh  a)^(y+cosh  a) 


(|n)^r(|  -  k)(y2  -  1)  ^k(y  +  cosha)k_^ 

Rek  <  | 


k  +  ix)F(i  -  k  -  ix)  (^lO^rxi  -  k)(y2  -  1)  ^k(y  -  l)k_^ 

-  |  <  Re  k  <  | 


Ti2k+‘T(i  -  k)(y2  +  sinh2a)  ^  • 
•  Pk^[cosh  a(y2  +  sinh2a) 


F(^  -  -  +  Tpc)r(2  “  \  “  ^c)cos(ax) 


x2k-^yr(|  -  k)(y2  +  sinh'"a)-^ 
•  P^[cosha(yc  +  sinh2a)~®] 


f(x) 


g(y)  =  J*  f(x)  Pkx_^(y)  dx 


x  sinh(itx)F(a  +  ix)T(a  -  ix) 


n2a“^r(|  +  a)[r(|  -  k  -  a)]"1 
•  (y  .  l)-^k-“(y2  -  l)*k 


Re (2a  +  k  -  —)  <  0 
Rea  >  0 


sinh(nx)r(^  -  k  +  ix)F(i  -  k  -  ix) 

1  T(a  +  |  +  |x)r(a  +  |  -  |x) 


i„-§— k-2ar,l  ,  ,,  -£-2a,  2  .  .--ik 

n  2Z  F(-  +  2<x)y  “  (y  -  1) 

Re  (a  +  |)  >  0 

Rek  <| 


x  sinh(7tx)f(i  -  k  +  ix)f(i 


k  -  ix) 


x21-k[r(x  -  |)]-1r(i 


•  r(| -x+  |x)r(| |x) cr(| - 1  +  |x)  • 

*  rcJ-l-l’OJ-1 


X  -  |)(y2  -  1)X_1 
Rek  <  ~ 


x  sinh(2Ttx)F(a  +  ix)F(o  -  ix) 
F(i  -  k  +  ix)F(i  -  k  -  ix) 


n22^+ar(|  +  a  -  k)[r(|  -  a)]"1 
•  (y  -  ^^(y2  -  D^k 


Re(2o  -  k  -  p  <  0,  Rea> 
Re  k  < 


r(i— k+ix)r(i-k-ix) tanh( xx)sinh(ax) 


-2k  1n^f(l-2k)(y-l)  ^k(y+l)~^(y+cos  a)^k  ”4 


[-P-Ak 


pk-£ 

?-k-r 

(1  -  cos  a)^(l  +  y)  s 


Rek  <  ^ 


O  rH|(M 
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f(x) 

n<D  , 

g(y)  =  J  f(x)  P.  i(y)  ox 

0 

cos(ax)sech(rcx)r(~k+ix)r(—  k-ix) 

2^+kr  (l-2k)  (y-1  )““k(cosh  a-y  )^k'^  • 

•  e_i,lkQkk[(|cosha-iy)-^cosh(|a)],  y  <  cosh  a 

2kr(l-2k)n^(y2-l)^(y-l)^k(y-cosha)^k"^* 

-Pkl|Kl+ly)"ic0sh(^a)]  ’  y  >  cosha 

Rek  <  | 

cosh(ax)sech(iix)r(i-k+ix)r(i-k-ix) 

(^n)^r(i-k)(y2-l)”^k{(y-cos  a 
+  2  k  ^n^rCl-k)  [(y+1 )  (y-cos  a)]^k 

z  =  (X  +  cosa)^(l  +  y)  ^ 

Rek  <  | 

x  sinh(7ix)sech(2nx)P2^x_^(z) 

■Ej.kM*2*?"!’’*1 

x  sinh(itx)r(i  -  k  +  ix)T(i  -  k  -  ix)  • 

n[r(k)]  1(y2-l)  ^k(a-y)k  1  ,  y  >  a  >  1 

•Pi.  (a) 

-5+ ix 

0  ,  1  <  y  <  a 

0  <  Re  k  <  | 

x sinh(nx)r(i-a+ix)r(i-o-ix)  • 

nHl  -  a  -  k)(z2  -  l)'^a(y2  -  l)”^k  • 

■  r(|~k+ix)r(i-k-ix)Pai  .  (z) 

c.  et  2  +  lX 

,  Nk+a-l 

(z  +  y) 

Re(a,k) 


1 

2 
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f(x) 

g(y)  =  $  f(x)  i(y)  dx 

0  ® 

x  tanh(nx)r(i -k+ix)T(i  -k-ix)P_^+ix(a) 

rCl-kKy^D^Cy+a)1""1 

Rek  <  | 

x  tanh(2itx)r(i-k+ix>r(i  -k-ix)P2ix  z ) 

2- &-bknip(2  _2k )  ( z+1 ) ~^k(  z2+  ^)^k~  ^  • 

Rek  <  | 

x  tanh(rac)r(^  -  |  +  |x)F(i  -  |x)  • 

*  Pxx-i(z) 

-1+k  £.2  2  2  .,.-£kr  ,  2  2  .jkk 

2  n  (y  +z  -1)  (y  -1)  8  [z+(y  +z  -l)a] 

Rek  <  | 

x  tanh(?ix)r(^- |  + |x)r(^- |x)  • 

•  P.  i(z) 

1X-? 

0k  £.  2  .-£k,  2  2 

2  n  (y  -1)  8  (y  +z  -1)  8y  • 

•  [z-k(y2t-z2-l)^][z+(y2+z2-l)^Jk 

Rek  <  ^ 

x  sinh(nx)r(i  -  |x)r(^  -  |  -  ix)  • 

•  r(i-k+ix)r(i  -k-ix)p“  i(z) 

d.  d  IX-*? 

21+a7t  ^(y2-l )  "^kr(  1-k-a  )  ( y2+z2-l  )^k"^  • 

•  ?“k[y(y2+z2-D-^] 

Re(a,k)  <  j 

x  sinh(nx)r(^- |  +  ^x)T(^  -  ^x)  • 

’  f(|-k+ix)r(“-k-ix)p“x_^(z) 

2a7t^r(2-a-k)z(y2-l)"^k  • 

.  ,  2  2  . v^k-l^a  r  ,  2  2  . 

•  (y  +z  — l ; 8  P1_kLy(y  +z  -l)  8] 

Rea  <  | 

Rek  <  | 

f(x) 

s(y)  =  /  f(x)  pkx_|(y)  d* 

x  sinh(itx)r(i-a+ix)r(i-a-ix)  • 

2i-ianl(l+z)-|ar(|_k_2a)(y2_i)-^k  . 

'  r(i-k+ix)r(~k-ix)p“^x_^(z) 

•  (y2+  2|i)4(“+k-^)f«_a_k[y(y2+£|i)i] 

Re(a,k)  <  i 

x  sinh(^nx)r(~k+ix)r(i-k-ix)  * 

2'^a'Mr(|-k)  (  z+l)^a(y2-l )"^k  • 

•  *Wz> 

(y2+  si1)l(k-a_l)p“.k+^ty(y2+ 

Rek  <  | 

x  sinh(xx)  [r(~k+ix)r(i-k-ix)  ]2  • 

2"kA(|-k)(z2-l)"k(y-l)"^k(y+l)^  • 

•  (2z2-l+y)k_^ 

Rek  <  | 

x  sinh(tix)sech(2Ttx)  • 

2&k-3^r(|-2k)(y-l)^k(iy+i)'^  • 

"  r(i-k+ix)r(|-k-ix)Pi2x_^(z) 

(z2-  Z±i)4k4pk-l[z(|y+l)-5])  z  >  (iy+i)* 
(£±1  .22)fe-Spk:l[z(ly+l)-i])  z  <  (iy+i)£ 

Re  k  <  | 

x  sinh(inx)r(i~a+4x)r(i-a-4x)  • 
d.  d.  d.  d.  d 

2®%r(|-k)r(|-k-2a)(z-l)"^(S±i)"^(y2-l)_^k. 

•  r(~k+ix)f(i-k-ix)p“^x_^(z) 

I  (y2-  2±i)i(^k-l)p^k-l [y (£ii)-i]  ,y  >(2±i)* 

( (Sfi  .y2)4(a+k-l)fa.k-l[y(Zil)-i]  ^<(£±1)* 

Re(a,k)  <  i 

f(x) 

g(y)  =  J  piX_^(y)  dx 

x  sinh(xx)r(i-k+ix)r(i-k-ix)Kix(a) 

2~^n  Ja^*k(y2-1)  exp  (  -ay  ) 

Rek  <  | 

x  sinh(i-nx)r(~!<+ix)r(i-k-ix)K.  1  (a) 

c.  c.  c.  IgX 

n2^-lca^_^kr(^-k)(y2-l)  ^kexp(ay2-a)  • 

Dk-i(2ya^) 

Rek  <  i 

x  sinh(i7tx)r(i-k+3x)r(i-k-ix)  • 

•  CJix(a)+J-ix(a)]Kix<a) 

i(|K)^(y2-l)"^k(2y/a2)^k_^  • 

•  {exp(i^-i^k)Kk_^[a(2iy)^] 

-  exp(i^k-ii)iCk_^[a(-2iy)^]  } 

Re  k  <  | 

x sinh(inx)F(i-k+ix)r(|-k-ix)  • 

•  [Y.  (a)+Y  .  (a)]K.  (a) 

IX  -IX  IX 

-(|n)^Cy2-l)^k(2y/a2)^k-:i'  . 

{ exp  ( i^-i^k  )  [a  ( 2iy  )^] 

+  exp(i^k)Kk-£[a(-2iy)^]} 

Rek  <  | 

x  sinh(nx)r(^-k-ix)r(~k+ix)  • 

■ 

7t^2"^+^k(y+1)'^(y-1)'^kK^[a(2y+2)^] 

Re  k  <  | 

xsinh(nx)K.  (a)K.  (b) 

IX  IX 

0  y  <  T 

2_k_2K  ^c^+k(y2-l  )ik(y-T  ) ”^k^  J_k_^Co  (y-r  )*] 

y  >  t 

c  =  (2ab)^ 

T  =  i(a/b+b/a) 
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f(x) 

g(y)  =  X  f(x)  Pjx-|(y)  dx 

x  sinh(rtx)r(~k+ix)r(~k-ix)  • 

n^2"^ak"^"k(y2-1)^kJ_|_k[a(2y-2)^] 

•  cr(-k+ix)r(-k-ix)]  1^Kix(a)]2 

Re  k  <  -  | 

x  sinh(7tx)r(i-k+ix)r(i-k-ix)  • 

2_M(ab)*_k(y2-irik  • 

•  K.  (a)K.  (b) 

IX  IX 

( a2+b2+2aby k[(a2+b2+2aby)^] 

Rek  <  | 

x  sinh(ux)r(i-k+ix)r(i-k-ix)W^  ^(a) 

ina(y+l)^k(y-l)  ^kexp(-|ay) 

Rek  <  | 

x  sinh(7ix)F(i-k+ix)r(i-k-ix)  • 

_l-k  $-&k,  2  .  ,-^k  ,1  2. 

2  Tia4  K  (y  -1)  *  exp(— a-ay  ) 

Rek  <  | 

x sinh(nx)r(i-k+ix)r(i-k-ix)Wi  i  i  (a) 
2  2  £k+T,^x 

_l-k  £--£k  ,  2  .-£k  ,1  2. 

2  na*  “  y(y  -1)  exp(-a-ay  ) 

Rek  <  | 

x sinh(nx)r(i-k+ix)f(i-k-ix)  • 

2.1-k  $-$,  2  _.-fek  (  2  1  w  ,  jk 

n  2  a  (y  -1)  *  exp(ay  -^a)Erfc (ya* ) 

•  r<rHx)r(H4aw+4,jx(a) 

Rek  <  i 

x sinh(nx)r(i-k+ix)r(i-k-ix)  - 

h§-2a  +  f-£a*-£r(|_2a_k)  . 

•  r(i-a+4x)r(3~a_lx)w-  lj„Ca) 

„  d  d.  d  d  o.  ,2 IX 

(y2-l)"^kexp(|ay2-ia)D2a+k_|ry(2a)^] 

2e(  t,k)  <  | 

* 

r* 
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f(x) 

g(y)  =  J*  f(x)  1  (y)  dx 

0  ® 

x  sinh(itx)r(~k+ix)r(i-k-ix)  * 

•  r<ri4‘)r(crl*>'W*) 

2  1-k  §-k,  2  ,-£k  ,1  2  2  2,  ,  . 

7i  2  a*3  (y  -1)  a  exp  (-—a  +a  y  )Erfc(ay) 

-  |  <  Rek  <  | 

x  sinh(itx)r(i-a+ix)F(~a-ix)  • 

°  r(i-K+ix)r(i-k-ix)W  .  (a) 

2  2  a  ,ix 

it(ia)^kr(l-a)r(l-a-k)(y-l)_Jfk(y+l)^  • 

•  exp(?a^r)v^4,-&(la+lay) 

Re ( a , k )  <  i 

x  sinh(nx)r(|-|+ix)r(~^-|x)  • 

*  r(i-k+ix)F(i-k-ix)S  .  (a) 

2  2  a ,  ix 

2i+a7t^a1“kr(|-o-k)y^(y2-l)^kSa+k_1^(ay) 

Rea  <  1 

Rek  <  | 

x  sinh(rtx)r(i-k+ix)r(i-k-ix)  • 

•  S.  i  .  (a) 
k+5 , ix 

Tta^yKj^EaCy2-!)^] 

Rek  <  | 

x  sinh(nx)r(i-k+ix)r(~k-ix)  • 

S2k,2ix(a) 

.,ik-2  k+1,  ,,tj>k  r  l\&n 

1x2“  a  (1+y)  Kj^LaC-y— )K] 

Rek  <  4 

—  C- 

x  sinh(nx)T (i-k+ix)r(~k-ix)  •  xa^K^CaCy2-!)^] 
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List  of  Abbreviations ,  Symbols  and  Notations 

"fe  =  Neumann's  numbers,  e  =  1,  e  =  2,  n  =  1,2,3,- •• 
n  o  n 

(?  =  Blnomial  coefficient,  (*)  = 

Y  =  Euler's  constant,  y  =  0-57721... 

1.  Elementary  functions 

Trigonometric  and  inverse  trigonometric  functions: 

sin  x,  cos  x,  tan  x  =  sin  x/  cos  x,  ctn  x  =  cos  x/  sin  x, 

sec  x  =  l/cos  x,  esc  x  =  l/sin  x,  arcsin  x,  arccos  x,  arctan  x, 

arc ctn  x 

Hyperbolic  functions: 

sinh  x  =  (eX-e~x)/2,  cosh  x  =  (ex+e-x)/2,  tanh  x  =  sinh  x/ cosh  x, 
ctnh  x  =  cosh  x/  sinh  x,  sech  x  =  l/cosh  x,  csch  x  =  l/sinh  x. 

2.  Orthogonal  polynomials 
Legendre  polynomials: 

Pn(x)  =  2-n(nJ) -1  2—  (x2-l)n  =  gF.t-n.n+ljlj^) 
dx 

Gegenbauer's  polynomials: 

C“(x)  =  [n!r(2a)]_1r(2a+n)  2F1( -n,2a+n;a+l/2;~) 


38 


Chebycheff  polynomials: 

Tn(x)  =  cos(n  arcoosx)  =  =  ~  lim  T(a)  Ca(x) 

a=0  n 

Un(x)  =  (l-x2)  ”^"sin[(n+l)arccos  x] 

=  x(n+l)2Fl(if  ,2±Hj|;l-x2) 

Jacobi  polynomials: 

p(p,a)(x)  _  [  „  ]  p  ( i+  p )  ]  _1r  ( 1+ p+n )  ( _n  ^  n+  a+  p+1 .  p+1 .  Ir*) 

Laguerre  polynomials: 

L“(x)  -  (n!)'W  (e"xxn+0)  =  [n!r(l+a)  ] _1r( a+l+n)  F  ( -n;l+a 

dx11  1  1 

Ln(x)  =  L°(x) 

Hermite  polynomials: 

He  (x)  =  (~l)nexp(x2/2)  exp(-x2/2) 

dx 

He2n(x)  =  (-l)n2"n(nl)-1(2n)!;LF1(-n;ijix2) 

He2n+l(x)  =  (-l)n2~n(nJ)'1(2n+l)!x1F1(-n;|;|x2) 
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3.  Gamma  function  and  related  functions 


r(  z)  =  J  e  ^tz~^dt,  Re  z  >  0 


i|>-func  tion: 

’Kz)  =g^-  log  r(z) 


Beta  function: 


-><«.*>  ■  w 

See  also  under  incomplete  gamma  function. 

Riemann's  and  Hurwitz's  zeta  function 

OO 

C(s)  =  £  n-s.  Re  s  >  1 

n=l 

03 

C(s,v)  =  Z  (n  +  v)~s,  Re  s  >  1 
n=0 

Legendre  functions  (definition  according  to  Hobson) 

p/2 

pP(z)  =  [r(l-p)]-1(|±i-)  ^(-a.a+ljl-pjij5-) 

Q^(z)  =  a+3/2)  J'-'-e111^  T(  a+p+l)  z2-l)  ^2- 

’  2F1(S±P’  a+3/2;  z"2) 

z  is  a  point  in  the  complex  z  plane  cut  along  the  real  axis 
from  -  oo  to  +1. 

E^(x)  =  [r(l-p)]_1(i3|)P//  gF^-a.a+ljl-pji—),  -1  <  x  <  1 

)  =  [e“11TP/2QP(x+iO)  +  elnp/2QP(x-iO)  ,  -1  <  x  <  1 


pa(z)  =  p°(z);  Qa(z)  =  Q°(z)5  Ea^X^  =  £a^;  2*/*)  = 
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Bessel  functions 


,  “  (-l)n(z/2)a+2n 

a  n_Q  nir^a+n+1) 


I  (z)  =  otn(na)j  (z)  -  csc(ttq)J  (z) 

a  a  -a 


H^(z)  =  JQ(z)  +  iYQ( z)  5  H^2)(z)  =  Jq(z)  -  iYQ(z) 


7.  Modified  Bessel  functions 


Ia(z)  = 


"iTO/2J  (zein/2)  =  “  U/2)a+2n' 

Vze  '  hIq  nir(a+n+l) 


K  (z)  =  •J-TTesc(rTa)[l  (z)  -  I  (z)] 


=  i  iwe^V^ze1"/2)  =  -  iine-^/^Ue-1"/2) 


Anger-Weber  functions 


J  (z)  =  tt-x  J  cos(z  sin  t  -  at)dt 
a  0 


E  (z)  =  -  tt  j  sin(z  sint  -  at)dt 
0 


Jn(z)  —  Jn(z),  n— 0,1,2, ••• 


J^(z)  =  (ttz/2)  "^{cos  z  [c(z)  -  S(z)  ]  +  sin  z  [S(z)  +  C(z)  ] }  =  E^(z) 
J^(z)  =  (nz/2)  "^{oos  z  [C(z)  +  S(z)J  -  sin  z  [C(z)  -  S(z)J  =  E^(z) 


Struve  functions 


°°  (  i'\IV.7A^a+2n+l 

Ha(z)  =  nfQ  a+n+3/2) 


l  (z)  =  -ie“ina/2  H  (zein/2) 
a  a 


=  21-aTT-^[r(  a+1/2)  ]”^s  (z) 

a,  a 


v 


II 


41 


10.  Lommel  functions 


so>j3(z)  =  [(a-p+l)(a+p+l)]_1za+-  1F2(li^|^-,S±|±2.j-z2/4)5  a  +  -1,-2, -3, 

SQ, p( z)  =  s^z)  +  2a-1r(^|±i)r(^|+i)  [sin(^)JaU)  -  oos(^)Ya(z)] 


Special  cases  of  Lommel' s  functions: 
s  (z)  =  TT^2a-1r(a+l/2)  H  (z) 


sa,a(z)  =  Aa  Xr( a+l/ 2)  [  MQ(z)  -  Xq(z)] 


s0,p(z)  =  i*  csc(TTp)  [  J  (z)  -  J_p(z)] 

S0,p(z)  =|csc(TTp)[  jp(z)  -  J_P(z)  -  JB(z)  +J_R(z)] 


*-p"  7  p' 


s_]_  o(z)  =  -  |-p_1csc(np)[  Jp(z)  +  J_p(z)] 

S_x  p(z)  =  |-P-1csc(ttP)  [Jp(z)  +  J_p(z)  -  Jp(z)  -  J_p(z)] 

Si,p(z)  =  1  +  P2s_1;p(z) ;  S1jP(z)  =  1  +  P2s_ljP(z) 


S,  i(z)  =  z“^5  S3  x(z)  -  za 
s’ 2 


S  i  i ( z )  =  z"^[sin  z  Ci(z)  -  cos  z  si(z)];  S  3  i(z)  =  -z“^[sin  z  si(z)  +  cos  z  Ci(z)  ] 

“2  5  2  “r>5- 


2  2 


lim  [r(p  -  a)  ]  _1s  ,  (z)  =  -2P-1r(p)J  (z) 

a=p  a-X,P  P 


Lommel  functions  of  two  variables: 


U  (w,z)  =  Z  (~l)n(w/z)a+2nJa+2n(z) 
n=0 


Vq(w,z)  =  cos(^w  +  ^  z  /  w  +  \  an)  +  U2_a(w,z) 
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11.  Gauss's  hypergeometrlc  function 


^(ajbjojz) 


r(c)  „  r(  a+n)r(b+n)  zK 
r(a)r(b)  ntn  r(o+n)  nl 


hi  <  1 


12.  Generalized  hypergeometrlc  series 

mFn(al,a2’‘"’V  b1}b2,...,bnjz) 


r(b1)--T(bn)  ■*>  r(ai+k)---r(am+k)  zk 
r(a1)*--r(am)  k=0  rc^+k)  •••r(bn+k)  kl 


13.  Confluent  hypergeometrlc  functions 


oo 

2 

d 

a.+n) 

n 

z 

f(I) 

n=0 

n 

c+n) 

'  ni 

1F1(  a;a;  z)  =  ez,  ^(a^a^z)  =  2a“~T(a  +  z^~ae2Ia_^(  z) 

lFl^l;2;ix^  =  e±X  lFl^1;f>-ix)  =  (i"A)^[C(x)  +  i  S(x)  ] 


Whittaker's  functions: 

Ma,p^  =  p_a  +  £}2p+ljz) 

Wa,P(z)  =  rffePt  Ma,P(z)  +  iTpS^iy  Ma,-P(z) 

Special  cases  of  Whittaker's  functions: 

M0>{J(z)  =  r(l+p)22PIp(z/2)  }  WQjp(z)  =  (z/n)^Kp(z/2) 

Mq  q(z)  =  zA"^zLa_^(  z)  ;  M^^(z)  =  -i  ^n^z^e'^ZEvf(  iz^) 

Parabolic  cylinder  function: 

Dq(z)  =  2(a^)/2z^W(aH)/2>i(z2/2) 

Dn(z)  =e-z2'\en(z),  n=0,l,2,... 

2 

D  ^(z)  =  (Ti/2)^eZ  /^Er£r.(2~^z) 

D_^(z)  =  (^z/tt)^K^(z2/4) 


i 
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Error  integrals: 

Erf(z)  =  2tt"^  J  e  t  dt  =  2tt“^z1F1(^-;;|;-z2)  =  2(Trz)"^e“z  .^(z2) 

Erfo(z)  =  1  -  Erf(z)  =  217”^  J  e  ^  dt  =  (Trz)~^e-Z  1  i(z2)  =  n”^r(=k z2) 

z  wt>*'  ^ 

ErfU^e1"/4)  =  2^eiTT/4[C(x)  -  i  S(x)  ] 

Erfc(x^eiTT//'4)  =  1  -  C(x)  -  S(x)  -  i[C(x)  -  S(x)  ] 


Fresnel's  integrals: 

z 


C(x)  =  (2tt)“®  J  t“^oostdtj  S(x)  =  ( 2tt) j  t“^sin  t  dt 
0  0 


Exponential  integral: 

-Ei(-z)  =  S  t-1e-tdt  =  -  r  -  log  z  -  X  =  z”^e_Z/42W  ,  _(z)  =  T(0,z), 

z  n=l  *  J  ~^’U 


-n  <  arg  z  <  n 


Ei(x)  =  -J-[Ei(x+iO)  +  Ei(x-iO)  ]  =  -P.V.  f  t  1e"tdt 

-x 


Y  +  log  x  +  z.  zkr  >  x  >  0 

n=l 


Ei(-ix)  =  Ci(x)  -  isi(x)j  Ei(ix)  =  Ci(x)  +  in  +  isi(x) 


Sine  and  cosine  integral: 


Si(x)  =  S  f^sintdtj  si(x)  =  -  5  t^sintclt  =  Si(x)  -  §■ 

0  x  d 

=  |  [Ei(-ix)  -  Ei(ix)  ] 

00  00 

Ci(x)  =  -  5  t-1costdt  =  j  [Ei(-ix)  +  Ei(ix)]  =  y  +  log  x  +  Z 
x  n-1 


U-1 
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Incomplete  gamma  function: 

y(a,z)  =  5  ta-^e-tdt  =  —  za.F.  (a;a+l;-z) 

0  a  x  l 

r(a,z)  =  T(a)  -  y(a>z)  =  ,$  ta-1e_tdt  =  z(  a‘1^/2e“z/2W^  a_i)/z  ^(z) 

=  rr^Erfc(z)}  T(0,z)  =  -Ei(-z);  yCi'jZ2)  =  w^Erf(z) 

14-  Elliptic  integrals  and  theta  functions 
Complete  elliptic  integrals: 

K(k)  =  5  ^(1  -  k2sin2t)“^dt  =  §•  F-.(i,i;l;k2) 

0 

E(k)  =  i  ^  (1  -  k2sin2t)^dt  =  £  ^(-i.ijljk2) 

Theta  functions: 

^(vjt)  =  ( -it)  £  (~l)nexp[-in(  v  +  n  -  £)2t-1] 

-CO 

6_(v,t)  =  (-it)'^  £  ( -l)nexp[-iTr(v  +  n)2t-^] 

_oo 

8_(v,t)  =  (-it)-^£  exp[-in(v  +  n)2t-^] 

^  -OO 

1  oo 

0.(v,t)  =  2  exp[-in(v  +  n  - 
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Symbol 

Name  of  the  Function 

Listed  under 

C(x) 

Fresnel's  integral 

13 

Ci(x) 

Cosine  integral 

13 

C“(x) 

Gegenbauer's  polynomial 

2 

DQ(x) 

Parabolic  cylinder  function 

13 

E(k) 

Complete  elliptic  integral 

14 

Ei(-x)  1 

' — 

Ei(x)  j 

1  Exponential  integrals 

13 

Erf(z)  1 

Erfc(z)  ) 

Error  integrals 

13 

Ea(z) 

Anger-Weber  function 

8 

F 

m  n 

Hypergeometric  function 

11,  12,  13 

Hen(x) 

Hermite's  polynomial 

2 

H^1,2^(x) 

a 

Hankel's  functions 

6 

Ha(z) 

Struve ’ s  func  tion 

9 

Ia(z) 

Modified  Bessel  function 

7 

Ja(Z) 

Bessel's  function 

6 

Ja(Z) 

Anger-Weber  function 

8 

K(k) 

Complete  elliptic  integral 

14 

Ka(Z) 

Modified  Hankel  function 

7 

L“(x) 

Laguerre '  s  polynomial 

2 

la(Z) 

Wz)  j 

Struve 1 s  function 

9 

Whittaker's  functions 

13 

WCP(Z)  > 

P  (x) 
nv 

Legendre ' s  polynomial s 

2 

P(a,?)(x) 

n 

Jacobi's  polynomials 

2 

Symbol 


Name  of  the  Function 


Listed  under 


P?(z)  i 

*£(*)  j 

^  Legendre  functions 

5 

Q*?(z)  ] 

I 

a  f 

O  i 

^  Legendre  functions 

5 

flj(x)  1 

1 

S(x) 

Fresnel's  integral 

13 

si(x)  1 

| 

I 

Si(x)  j 

>  Sine  integrals 

13 

sa,e(z)  1 

w>  1 

T(x)  j 

I 

f  Lommel's  function 

[ 

10 

Un(x)  J 

f  Chebycheff's  polynomials 

2 

U  (v,z)  ) 

VQ(w,Z)  j 

>  Lotmnel's  function  of  two  variables 

1 

10 

Wz) 

Whittaker's  function 

13 

Ya(z) 

Neumann's  function 

6 

B(x,y) 

Beta  function 

3 

r(z) 

Gamma  function 

3 

r(a,z)  ) 

r(a.z)  j 

>  Incomplete  gamma  functions 

1 

13 

’Kz) 

Psi  function 

3 

®a(v,t) 

Theta  functions 

14 

C(s) 

Riemann's  zeta  function 

4 

C(s,v) 

Hurwitz's  zeta  function 

4 
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